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Abstract The Indian Regional Navigation Satellite System
(IRNSS) currently under development is expected to reach
full operational capability before 2017. As a large part of the
Australian continent lies in IRNSS’ service area, it is impor-
tant to gain an understanding of its navigational potential
and actual positioning capabilities for Australian users. The
goals of this contribution are therefore to provide insight into
IRNSS, to demonstrate its current positioning performance
using actual L5 pseudorange tracking data, and to analyse
its expected positioning performance for when the system
is fully operational. As such this contribution provides the
very first results of the IRNSS stand-alone positioning capa-
bilities over Australia.
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1 Introduction
The Indian Regional Navigation Satellite System (IRNSS)
is a satellite-based navigation system currently under devel-
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opment by the Indian Space Research Organisation (ISRO).
IRNSS will consist of three geosynchronous orbit (GEO)
satellites and four inclined geosynchronous orbit (IGSO) satel-
lites (see Figure 1(a),(b)), providing two types of services:
a standard positioning service (SPS) for civilian users and a
restricted service (RS) for authorised users (ISRO, 2014a).
The expected positioning accuracy of IRNSS is 10 m (2σ )
over the Indian landmass and 20 m over the Indian Ocean,
covering regions located up to 1500 km from India between
longitude 30◦ E and 130◦ E and between latitude 30◦ S and
50◦ N (Sarma et al, 2010; Ganeshan, 2012; Saikiran and
Vikram, 2013).
A few published studies have hitherto been devoted to
the IRNSS. Next to the simulation-based studies (Mozo Gar-
cia et al, 2010; Sarma et al, 2010; Sekar et al, 2012; Rethika
et al, 2013; Rao, 2013), some newer studies make use of real
IRNSS data. Thoelert et al (2014) characterised the IRNSS
signals by means of data from a high-gain antenna, and as-
sesses the clock stability of IRNSS-1A. In (Kumari et al,
2015), a precise model for solar radiation pressure was pro-
posed, of which the accuracy was then tested using the IRNSS-
1A and 1B observations.
Babu et al (2015) compared orbit determination meth-
ods for IRNSS-1A, 1B and 1C. In order to validate the or-
bit accuracy with modernised ephemeris parameters, Chan-
drasekhar et al (2015) made use of the IRNSS-1A, 1B and
1C real measurements. Montenbruck et al (2015) used the
observations of the IRNSS-1A and 1B to investigate the qual-
ity of the IRNSS navigation messages and Nadarajah et al
(2015), after assessing the IRNSS noise characteristics, com-
bined the L5/E5 signals of IRNSS, GPS, Galileo and QZSS
for instantaneous attitude determination.
As IRNSS will soon become fully operational (before
the end of 2016), it is important to gain an understanding of
its navigational potential and actual positioning capabilities.
This is not only of general interest, but also specifically for
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Fig. 1 (a) The 7 satellite IRNSS constellation when fully operational. (b) The three GEO and four IGSO satellite ground tracks of fully operational
IRNSS.
Australian users since a large part of the Australian conti-
nent lies in IRNSS’s service area. The goals of this contribu-
tion are therefore to provide insight into IRNSS, to demon-
strate its current positioning performance using actual L5
tracking data, and to analyse its expected positioning per-
formance for when the system is fully operational. As such
this contribution provides the very first results of the IRNSS
stand-alone positioning capabilities over Australia.
This contribution is organised as follows. The IRNSS
system is briefly described in section 2. In section 3 we for-
mulate the single point positioning (SPP) model of observa-
tion equations and analyse the observability of the current
IRNSS constellation for several Australian locations in its
secondary service area. This analysis includes the identifica-
tion and explanation of occurring periods of poor receiver-
satellite geometries. In section 4 we analyse, formally as
well as empirically, the SPP precision that can be achieved
with the current constellation. In an analogous fashion, sec-
tion 5 presents a formal and empirical analysis of the rela-
tive point positioning (RPP) precision that is achievable with
the current constellation. Here we also show by how much
the results can be further improved when use is made of
carrier-phase smoothing on the observed L5 pseudoranges.
The expected performance of the fully operational system
is presented in section 6, first through a PDOP analysis and
then by means of a positioning precision analysis with and
without carrier-phase smoothing. Finally, the main results
are summarised in section 7.
2 The IRNSS system
The Indian Regional Navigation Satellite System (IRNSS)
is a satellite-based navigation system being developed by
India. IRNSS is planned to consist of three geosynchronous
orbit (GEO) satellites and four inclined geosynchronous or-
bit (IGSO) satellites, providing two services: a standard po-
sitioning service (SPS) for civilian users and a restricted ser-
vice (RS) for authorised users (ISRO, 2014a).
The IRNSS satellites transmit navigation signals, based
on code division multiple access (CDMA), on L5 (1176.45
MHz) and on S (2492.028 MHz), with a binary phase-shift
key (BPSK (1)) modulation for SPS users, and with a binary
offset carrier (BOC (5,2)) modulation for RS users (ISRO,
2014a). The orbital period of the IRNSS satellites is one
sidereal day (23 h and 56 min), such that the IRNSS satel-
lite ground tracks repeat every solar day (24 h) four minutes
earlier.
Figure 1(a) and (b) show the fully operational seven satel-
lite IRNSS constellation together with the corresponding ground
tracks, respectively. Three satellites will be placed as GEOs
located at longitudes 32.5◦ E, 83◦ E and 131.5◦ E, respec-
tively, while the remaining four satellites will be IGSOs, in
pairs, placed at an inclination angle of 29◦ w.r.t the equa-
tor, with their longitude crossings at 55◦ E and 111.75◦ E,
respectively (ISRO, 2014a). The complete system is planned
to be fully operational by the end of 2016 (GPS World, 2015).
The current operational IRNSS constellation (November
2015) comprises of three IGSO satellites, IRNSS-1A/1B/1D
(I1/I2/I4), and one GEO satellite, IRNSS-1C (I3). The satel-
lites I1, I2, I3, and I4 were launched by the launchers PSLV-
C22, PSLV-C24, PSLV-C26, and PSLV-C27 on 1 July 2013,
4 April 2014, 16 October 2014, and 28 March 2015, re-
spectively (ISRO, 2014b,c,d, 2015). The launches for the re-
maining three satellites are planned in the following periods:
IRNSS-1E (January 2016), IRNSS-1F (February-March 2016)
and IRNSS-G (March-April 2016). Figure 2(a) and (b) show




Fig. 2 (a) Artistic view of satellite I1. (b) The PSLV-C22 rocket used to launch I1 (images credit: ISRO).
The IRNSS is established with the objective of offer-
ing positioning, navigation and timing (PNT) services to
the users in its service area. The IRNSS classifies its ser-
vice areas broadly into the two regions shown in Figure 3.
The primary service area of IRNSS encompasses the Indian
landmass and a region lying within a distance of 1500 km
from its geo-political boundary. In this area the system is
designed to provide its users with a position accuracy of less
than 10m (2σ ). The secondary service area extends between
latitudes 30◦S to 50◦N and longitudes 30◦E to 130◦E with an
expected positioning accuracy of 20 m over the Indian ocean
(Sarma et al, 2010; Ganeshan, 2012; Saikiran and Vikram,
2013).
3 IRNSS L5 Single-Point Positioning (SPP)
In this section we formulate the SPP model of observation
equations and analyse the observability of the current IRNSS
constellation for several Australian locations in its secondary
service area.
3.1 Single-epoch pseudorange-only SPP model
We assume that a single receiver r is tracking m IRNSS
satellites on frequency L5. The single-epoch, single-frequency
linearised SPP observation equations can then be formulated
in vector-matrix form as





D{∆ pr} = σ
2 W−1r
(1)
where E{.} and D{.} denote the expectation and disper-
sion operators, respectively. The m-vector ∆ pr contains the
observed-minus-computed pseudorange observables to the
m IRNSS satellites, and underscore is used to indicate its
random nature. They are a priori corrected for the iono-
spheric delays using the Global Ionosphere Map GIM (CODE,
2015) and for the dry tropospheric delays using the Saasta-
moinen model (Saastamoinen, 1972).
The m×3 matrix Gr = [−u1r , . . . ,−umr ]T contains the unit
direction vectors uir, i = 1, . . . ,m, from the receiver antenna
to the m tracked IRNSS satellites and em is the m-vector of
ones. The 3-vector ∆xr is the receiver position increment,
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Fig. 3 IRNSS Primary and Secondary Service Area (image credit: ISRO)
and the scalar dtr is the increment of the receiver clock error
biased by the receiver code hardware delay.
The parameter σ denotes the zenith-referenced user range
accuracy which captures the observables noise characteris-
tics as well as the remaining unmodelled effects. The m×m
diagonal weight matrix Wr =diag(w1r , . . . ,w
m
r ) contains the





with εsr being the elevation of the satellite s with respect to
receiver r.
Assuming that the design matrix [Gr,em] is of full rank,
the SPP weighted least-squares solution of the position vec-
tor is given as
∆ x̂r = (GTr WDGr)
−1GTr WD∆ pr
Qx̂r x̂r = σ
2(GTr WDGr)
−1 (3)
in which WD =Dm(DTmW
−1
r Dm)
−1DTm and the range space of
the m× (m− 1) difference matrix Dm spans the orthogonal
complement of em, i.e. DTmem = 0. Note that ∆ pr of (3) is a
realization of the random observable ∆ pr.
3.2 Rank-defect receiver-satellite geometries
As the IRNSS system is currently still in a built-up phase,
one can expect that there will be occasions of poor receiver
satellite geometries. To understand what they look like, we
now give a geometric interpretation to the occurrence of a
rank-defect in the m×4 SPP design matrix [Gr,em]. The de-
sign matrix is rank defect if linear combinations of its col-
umn vectors exist that equal the zero vector, i.e. if a vector
d ∈ R3 and a scalar λ ∈ R can be found such that
Grd + emλ = 0 (4)
As the columns of −GTr are given by the receiver-satellite
unit direction vectors usr, s = 1, . . . ,m, we may write (4) also
as (usr)
T d = λ for s = 1, . . . ,m, or, by using the cosine-rule
with const = λ/||d||, as
cos∠(usr,d) = const for s = 1, . . . ,m (5)
Hence, the design matrix is rank defect if the unit direction
vectors of the satellites usr all have the same constant angle
to vector d. Geometrically this means that this rank defi-
ciency occurs when all these unit direction vectors lie on a
cone having d as its symmetry axis (see Figure 4(a)). The
symmetry axis of the cone, i.e. the vector d, is then the di-
rection in which the position solution has become indeter-
minate. Thus if d points towards the zenith, as in Figure 4(a)
for example, then it is the height component that has be-
come indeterminate. Figure 4(b) shows a skyplot example
in which the receiver-satellite direction vectors all lie on a
cone with symmetry axis having an azimuth of 300◦ and an
elevation of 60◦.
Another case of (5) which is relevant for IRNSS is when
const = 0. In that case all receiver-satellite direction vec-
tors uir lie in a plane with d as its normal vector. Thus if,
for example, all satellites lie in an east-west oriented plane,
















































Fig. 4 (a) SPP positioning is indeterminate in direction d if the
receiver-satellite direction vectors usr , s = 1, . . . ,m, all lie on a cone
having d as its symmetry axis (Teunissen, 1990). (b) Skyplot show-
ing a cone with symmetry axis d having an azimuth of 300◦ and an
elevation of 60◦.
north-south direction. Hence, if the receiver-satellite geom-
etry is such that the geometric extent is smallest in north-
south direction, then it is also that direction in which po-
sitioning will perform most poorly. This may happen with
IRNSS for instance, if the IGSO satellites are closest to the
equatorial plane in which the GEO satellites already reside.
3.3 Current satellite visibility
The current constellation consists of three IGSO’s and one
GEO satellite. Their visibility is depicted in Figure 5 for
three different Australian locations, Christmas Island, Perth
and Darwin, on DOY 166 of 2015 using cut-off elevation
angles of 5◦ and 10◦. The number of satellites that can be
tracked from these three locations is shown in Figure 5(a),
(c) and (e), while Figure 5(b), (d) and (f) show the corre-
sponding 24-h IRNSS ground tracks for a cut-off elevation
angle of 10◦.
As Figure 5 shows, the number of current satellites that
can be tracked reduces the more eastward the Australian
user is located. Although still four satellites can be still tracked
on a continuous basis at Christmas island, there are periods
in Perth and Darwin when this number drops to three and in
Darwin even to two. Although the durations of these peri-
ods can be shortened somewhat by using 5◦ instead of 10◦
cut-off elevations, they remain present when tracking from
Perth and Darwin.
To remedy the situation that continuous SPP position-
ing is currently not possible at these locations, we inves-
tigate what the inclusion of a soft height constraint in the
SPP model brings in terms of its positioning capability. As-
suming that the geodetic height hr of the receiver antenna
is known with a certain standard deviation σhr and that ∆xr
is represented in the local East-North-Up (ENU) frame, the
SPP model (1) is extended with
E{∆hr}= cT ∆xr , D{∆hr}= σ2hr (6)
in which c denotes the canonical unit 3-vector, having 1 as
its third element. With the inclusion of such weighted con-
straint, SPP becomes possible in principle with only three
tracked satellites.
3.4 PDOP and the receiver-satellite geometry
We use the position dilution of precision (PDOP) as a scalar
measure to diagnose the strength of the receiver-satellite ge-
ometry. The PDOP is defined as (Teunissen, 1998; Hofmann-








−1DTm. For the weighted height-
constrained case, matrices Gr and WD are adopted to take (6)
into account. The corresponding 24-h PDOP time series are
given in Figure 6 for Christmas Island, Perth and Darwin
for DOY 166 of 2015. Note that the signatures of these time
series are representable for any day as the receiver-satellite
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Fig. 5 Current IRNSS satellite visibility at Christmas Island, Perth and Darwin. (a) Number of satellites that can be tracked at Christmas Island,
(c) at Perth and (e) at Darwin on DOY 166 of 2015, using cut-off elevation angles of 5◦ and 10◦, respectively. (b), (d) and (f) Corresponding
satellite ground tracks on DOY 166 of 2015 for 10◦ cut-off elevation angle. The GEO I3 ground track is shown in green , the I1 and I2 IGSOs
(figures-of-eight) ground tracks are shown in blue , and the I4 IGSO ground track is shown in red . The satellite positions at UTC 06:40 are
indicated by dots. The location of the users are indicated by the star symbol.
As Figure 6 shows, the PDOPs become larger, and thus
the receiver-satellite geometry weaker, when one changes
location from Christmas Island to Perth and then to Dar-
win. The PDOPs of Darwin are only shown for the two pe-
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Fig. 6 Height constrained PDOPs on DOY 166 of 2015 for (a) Christ-
mas Island, (b) Perth, and (c) Darwin, with 10◦ cut-off elevation.
riods that three satellites are visible (see Figure 5). Note that
the PDOP time series of Christmas Island is relatively flat
except for two distinct peaks that built up in the UTC pe-
riods 09:16:00 - 13:18:00 and 20:51:00 - 00:00:00. They
can also be recognised in the Perth PDOP time series, al-
beit in a somewhat distorted way. Prior to the peaks in the
Perth PDOP times series, the PDOP shows a sudden drop in
value due to the inclusion of a fourth satellite at UTC times
09:23:30 and 21:21:00 (see Figure 5). Thus although one
is observing the maximum number of available satellites in
those two periods in Perth, the receiver-satellite geometry
is apparently such that it still weakens the model, thereby
increasing the PDOP values.
To get a better understanding of this phenomenon, we
analyse the Perth receiver-satellite geometry for the UTC
period 21:21:00 - 00:04:00, which is 05:21:00 - 08:04:00 lo-
cal time. Figure 7(a) shows the skyplot of the IRNSS satel-
lites for this period. The peak in the Perth PDOP time se-
ries of Figure 6 occurs when the two satellites I1 and I2
occupy the same skyplot position. The corresponding sky-
plot of this instant is shown in Figure 7(b). In it we have
shown the direction d (cf. 4 and 5), indicated as a blue dot in
the north-westerly direction, in which the receiver position
is the poorest estimable, i.e. has largest variance, and two
contour lines of unit vectors that make a 36◦ resp. 38◦ angle
with this poorest estimable direction. As the skyplot shows,
the receiver-satellite direction vectors of all the four satel-
lites are on or near these contour lines, thus showing that the
receiver-satellite geometry comes close to the rank-defect
geometry as described in previous subsections.
Another way to illustrate this poor position estimability
is as follows. As the direction vector d lies in the horizon-
tal plane (due to the imposed height constraint), the projec-
tions onto the horizontal plane of the unit vectors on the 36
resp. 38 degree cones will form a straight line. Figure 7(c)
shows the projections onto the horizontal plane of the ac-
tual receiver-satellite direction vectors at 07:13:00 Perth lo-
cal time on DOY 166. The fact that they all lie on or close to
a straight line again indicates that the corresponding design
matrix in this period is near singular.
4 IRNSS SPP Precision
In this section we analyse, formally as well as empirically,
the SPP precision that can be achieved with the current con-
stellation.
4.1 Noise characteristics
To analyse the SPP precision we first need a representative
value for the zenith-referenced σ2 of (1). The estimation
of σ2 can be done by means of variance component esti-
mation (VCE) provided redundancy is present (Teunissen
and Amiri-Simkooei, 2008). To create redundancy for the
present constellation, we use data from a tracking station of
which the coordinates are known. With the receiver coordi-
nate vector xr known, the redundancy equals m−1, thus pro-
viding single-epoch redundancy for two or more satellites.
With the receiver position known, the single-epoch misclo-
sure vector of the SPP model becomes
s = DTm ∆ pr (8)
having zero expectation, E{s} = 0 and dispersion D{s} =
σ2 DTmW
−1
r Dm. The estimated variance component based on










































































































Fig. 7 (a) IRNSS skyplot for Perth, on DOY 166 of 2015 during [05:21:00-08:04:00] Perth local time. The black dots show the location of the
visible satellites at the first epoch of the mentioned time interval. (b) IRNSS skyplot for Perth, at 07:13:00 Perth local time on DOY 166 of 2015.
The blue dot illustrates the direction d along which the receiver position is poorest estimable. The two colored contour lines show the loci of the
unit vectors that make the same 36 resp. 38 degree angle with d . (c) The projections onto the horizontal plane of the four Perth receiver-satellite
direction vectors lie approximately on a straight line at 07:13:00 Perth local time on DOY 166 of 2015.
with Cs(i) = DTmi W
−1
r (i)Dmi . We used this estimator to de-
termine a σ̂(i) time series. A 10-day data set was used, col-
lected by CUT3, a static JAVAD TRE G3TH 8 receiver at
Curtin University, employing a 30 s sampling rate and a 10◦
cut-off elevation angle. The so obtained σ̂(i) time series is
shown in Figure 8(b) for DOY 200 of 2015.
For the relatively crude pseudorange-only SPP model,
the estimates σ̂(i) will include all remaining unmodelled
effects, such as e.g., satellite orbital errors, satellite clock
errors and residual atmospheric delays. However, the σ̂(i)
time series of Figure 8(b) also shows some peculiar jumps.
We were able to trace these jumps back to the performance
of satellite I4, in particular to its on-board frequency. Fig-
ure 8(a) shows the time series of the I4 satellite clock cor-
rection provided by the broadcast ephemerides on DOY 200
of 2015. By means of the vertical dashed lines, highlighting
the jumps, it can be observed that most of the jumps in the
clock time series correspond to those of the σ̂(i) time se-
ries. This finding of the jumps in the on-board frequency of
satellite I4 is consistent with that of (Babu et al, 2015).
After having removed the impact of satellite I4 from the
data-set, the corresponding jumps in the σ̂(i) time series dis-
appeared and an average value of 1 m was obtained. This
is the value that we used for our SPP positioning precision
analysis.
4.2 SPP positioning precision: formal and empirical
We now determine the instantaneous SPP positioning preci-
sion that can be achieved with the current constellation by
the use of a data-set collected on DOYs 182, 195, 200, 201,
205, and 207 of 2015 at the rate of 30 s and with the cut-off
elevation angle of 10◦. This cannot however be captured by
using a single averaged precision value, since the receiver-
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Mean σ = 1.552 m; STD σ = 0.838 m
Fig. 8 (a) Time series of the I4 satellite clock corrections as provided
by the broadcast ephemerides on DOY 200 of 2015. (b) The σ̂(i) time
series as obtained from the CUT3 data on DOY 200 of 2015 with 10◦
cut-off elevation.
satellite geometry, as observed in Perth, changes rather sig-
nificantly over a 24 h period. Therefore, to illustrate this, we
will work with three different time windows:
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Fig. 9 IRNSS height-constrained SPP horizontal scatter plots (hr = 24 m and σhr = 1 m) for time window 1 (a), time window 2 (b), and time
window 3 (c), based on 10◦ cut-off elevation CUT3 data collected on DOYs 182, 195, 200, 201, 205 and 207 of the year 2015.
1. time window 1: this covers the whole 24 h of a day;
2. time window 2: this covers the local time period 04:19:30
- 07:02:30 of DOY 182 and its counterparts on the other
days;
3. time window 3: this covers time window 1 with the ex-
clusion of time window 2.
Note that the receiver-satellite geometries in time window 2
are the same as those during 05:21:00 - 08:04:00 on DOY
166 (cf. Figure 7). In Figure 9, the scatter plots of the po-
sitioning errors are shown for the time windows 1, 2 and 3,
along with their empirical and formal 95% confidence el-
lipses. Note that the scatter plots are elongated in the north-
westerly direction, which conforms to the direction of the
symmetry axis of the cone shown in Figure 7. Note that the
first two scatter plots of Figure 9 are quite similar, whereas
the third is much smaller in extent. The fact that the first two
scatter plots do not differ by much in extent is due to the
overwhelming influence of the poor receiver-satellite geom-
etry of the time window 2. The scatter plot of time window 3
is much smaller as it corresponds to periods of much better
receiver-satellite geometries, see also Figure 6.
Table 1 lists the formal and empirical standard devia-
tions for different values of σhr using the data of the men-
tioned six DOYs. The formal standard deviations are ob-
tained from taking the average of all the single-epoch least-
squares position variance matrices. The empirical standard
deviations are obtained from the differences of the estimated
SPP positions and the available ground truth of CUT3.
The results of Table 1 show that the best precision is
achieved in time window 3, while the worst is achieved in
time window 2, which indeed is the period in which the
receiver-satellite geometry is poorest (see Figures 6 and 7).
The results also show a reasonable consistency between the
empirical and formal values, with the best matches being ob-
tained for time window 3. This consistency shows that the
easy-to-compute formal values can indeed be used to pre-
dict the expected precision with which SPP positioning can
Table 1 IRNSS single-epoch SPP empirical and formal standard devi-
ations based on L5 data collected by station CUT3 in Perth (10◦ cut-off
elevation), on DOYs 182, 195, 200, 201, 205 and 207 of 2015.
Height precision Time Window σN (m) σE (m)
emp form emp form
σhr = 1 m
1 24.16 19.81 20.62 16.23
2 62.94 53.45 51.07 42.74
3 8.41 8.67 9.17 7.88
σhr = 5 m
1 25.26 21.04 21.55 17.37
2 66.67 56.86 53.77 45.33
3 8.93 9.13 9.92 8.71
σhr = 10 m
1 27.84 24.02 23.66 20.17
2 75.46 64.93 60.20 51.47
3 9.85 10.41 11.34 10.87
Note: emp: empirical; form: formal; time window 1: outcomes based on all the obser-
vations; time window 2: outcomes based on the observations made during the local
time period 04:19:30-07:02:30 on DOY 182 and its counterparts on other days; time
window 3: outcomes based on time window 1 with the exclusion of time window 2.
be achieved. In summary, the results of Table 1 show that a
single-epoch, pseudorange-only positioning standard devia-
tion in North and East of about 10 m can be achieved with
the current constellation.
5 IRNSS Relative-Point Positioning (RPP)
In this section we discuss the IRNSS current relative-point
positioning performance for both the pseudorange-only case
and the phase-smoothed case.
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Fig. 10 IRNSS height-constrained RPP horizontal scatter plots (σh12 = 1 m) for time window 1 (a), time window 2 (b), and time window 3 (c),
based on 10◦ cut-off elevation using SD pseudorange data of CUT3 and CUBB collected on DOYs 182, 195, 200, 201, 205 and 207 of the year
2015.
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Fig. 11 IRNSS single-frequency height-constrained single-frequency RPP (σh12 = 1 m) results of time window 3: (a) Whole period of time window
3, (b) [16:19:00 - 01:33:00] Perth local time on DOY 182 and its counterparts on other days, (c) Remaining part of the whole time window 3.
5.1 Pseudorange-only single-frequency RPP
The linearised RPP model of observation equations read










in which (.)12 = (.)2− (.)1 is used to denote the between-
receiver single-differenced (SD) observations and parame-
ters. ∆x12 is the between-receiver baseline increment, while
σp is the zenith-referenced pseudorange standard deviation.
As the unmodelled effects common to both receivers bo-
come eliminated in the between-receiver differencing, a large
part of the residual biases present in the SPP model are ab-
sent in the RPP model. This also implies that in the case of
the RPP model, σp mainly consists of the pseudorange mea-
surement noise, which in our case was determined as 0.2 m
(Nadarajah et al, 2015).
To illustrate how the RPP model succeeds in eliminat-
ing the large biases present in the SPP model, Figure 10
shows the RPP equivalent of Figure 9. A comparison be-
tween the two figures shows that the scatters have become
smaller and that the large excursions in the SPP scatters of
Figure 9 have disappeared. The lack of homogeneity in the
scatters of Figure 10 seems to indicate that there are still
some significant unmodelled effects left. This, however, is
not due to the presence of biases, but rather to the signif-
icant change that the receiver-satellite geometry undergoes
in these time windows. We have illustrated this in Figure 11.
This figure shows the time window 3 scatter (a), split out in
a scatter for the local time window 16:19:00 - 01:33:00 on
DOY 182 and its counterparts in other days (b), and the re-
maining period of time window 3 (c). Due to the significant
change in receiver-satellite geometry, we indeed see the two
quite different scatter signatures in the last two scatters of
Figure 11.
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Table 2 IRNSS single-epoch, pseudorange-only RPP empirical and
formal standard deviations based on L5 data collected for station pairs
CUT3-CUBB (emp1) and CUAA-SPA7 (emp2) in Perth (10◦ cut-off
elevation), on DOYs 182, 195, 200, 201, 205 and 207 of 2015.
Height precision Time window σN (m) σE (m)
emp1 emp2 form emp1 emp2 form
σh12 = 1 m
1 5.82 5.86 5.78 4.73 4.74 4.75
2 14.77 15.57 15.60 11.78 12.29 12.46
3 2.74 2.58 2.52 2.41 2.35 2.34
σh12 = 5 m
1 8.30 7.86 8.35 7.12 6.86 7.21
2 21.63 20.42 22.35 16.98 16.00 17.62
3 3.91 3.98 3.78 4.31 4.47 4.33
σh12 = 10 m
1 10.94 11.03 11.86 10.12 10.19 10.79
2 27.03 27.55 30.48 21.15 21.51 23.92
3 6.33 6.26 6.25 7.57 7.59 7.59
Note: emp: empirical; form: formal; time window 1: outcomes based on all the obser-
vations; time window 2: outcomes based on the observations made during the local
time period 04:19:30-07:02:30 on DOY 182 and its counterparts on other days; time
window 3: outcomes based on time window 1 with the exclusion of time window 2
5.2 Pseudorange-only RPP positioning precision: formal
and empirical
We now determine the precision that can be achieved with
the current constellation using the RPP model (10). Two in-
dependent sets of data were used: one data-set was obtained
from the IRNSS tracking station pair CUT3-CUBB and the
other from the pair CUAA-SPA7, all of JAVAD TRE G3TH 8
type. Both sets of data were collected on DOYs 182, 195,
200, 201, 205 and 207 of 2015 at the rate of 30 s with the
elevation cut-off angle of 10◦.
Table 2 lists the formal and empirical standard devia-
tions for different values of σh12 using the two data sets
of the above-mentioned six DOYs. The entries in this ta-
ble have been determined in the same way as the entries in
Table 1. Comparison with the SPP results of Table 1 shows
that the precision has improved and that the factor of im-
provement is indeed approximately 5/
√
2. The results show
agreement between the empirical results (’emp1’ and ’emp2’
of Table 2) and also a reasonable consistency between the
empirical and formal values. In summary, the results of Ta-
ble 2 show that a single-epoch, L5 pseudorange-only RPP
positioning standard deviation in North and East of about 7
m can be achieved with the current IRNSS constellation.
5.3 Phase-smoothed RPP positioning precision: formal and
empirical
In this section we study the impact of replacing the raw
pseudorange observations by their more precise carrier-phase-
smoothed counterparts. The phase-smoothed pseudoranges,
denoted here as p̄r(i), are computed recursively from the
original pseudoranges pr(i) and carrier-phases φr(i) as (Hatch,
Table 3 IRNSS single-epoch, phase-smoothed RPP empirical and for-
mal standard deviations based on L5 data collected for station pair
CUT3-CUBB in Perth (10◦ cut-off elevation), on DOYs 182, 195, 200,
201, 205 and 207 of 2015.
Height precision Time window σN,50[σN,100] (m) σE,50[σE,100] (m)
emp form emp form
σh12 = 1 m
1 2.55[2.52] 1.39[1.19] 2.23[2.29] 1.23[1.08]
2 5.57[5.97] 3.65[3.04] 4.56[4.95] 2.87[2.38]
3 1.42[1.13] 0.63[0.55] 1.41[1.33] 0.77[0.71]
σh12 = 5 m
1 4.16[3.74] 3.83[3.53] 4.17[4.04] 3.93[3.75]
2 8.56[7.03] 8.02[6.74] 6.79[5.67] 6.27[5.27]
3 2.86[2.60] 2.57[2.38] 3.78[3.46] 3.31[3.15]
σh12 = 10 m
1 6.42[6.12] 6.59[6.25] 7.04[6.96] 7.19[7.00]
2 10.80[9.38] 11.33[9.49] 8.52[7.44] 8.86[7.41]
3 4.94[4.57] 5.08[4.73] 6.35[6.17] 6.52[6.23]
Note: emp: empirical; form: formal; time window 1: outcomes based on all the obser-
vations; time window 2: outcomes based on the observations made during the local
time period 04:19:30-07:02:30 on DOY 182 and its counterparts on other days; time
window 3: outcomes based on time window 1 with the exclusion of time window 2.








with initialization p̄r(1)= pr(1). The smoothing can be done
on the basis of a chosen window length wl. With the window
length wl specified, the factor k in (11) is taken as
k =

i , i≤ wl
wl , i > wl
(12)
Note, that if, during the period in which the IRNSS obser-
vations are being made, one of the satellites sets and rises
again, then smoothing for the data of that satellite should be
reinitialised by setting i = 1 for the epoch in which the satel-
lite rises again. This can be explained as follows. The phase
integer ambiguity after satellite rise is not necessarily the
same as that before satellite set. Therefore, if one makes use
of the observations recorded before satellite set to smooth
the code observations after satellite rise, the phase-smoothed
code observables will become biased by the above-mentioned
integer ambiguity differences.
Table 3 displays the phase-smoothed counterparts of the
entries in Table 2 for the station pair CUT3-CUBB, and for
the window lengths of wl = 50, and wl = 100. Upon compar-
ing these two tables, we note that both empirical and formal
precisions have improved, especially those corresponding to
time window 2. However, it can also be observed that there
is some discrepancy still between the empirical and formal
results, especially when a harder constraint is imposed on
the height of the receiver. This is due to the accumulation in
the smoothing procedure of a residual multipath (Kim and
Langley, 2000; Park et al, 2008; Zhao et al, 2009). This also
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Table 4 IRNSS day-differenced single-epoch, phase-smoothed RPP
empirical and formal standard deviations based on L5 data collected
for station pair CUT3-CUBB in Perth (10◦ cut-off elevation), on DOYs
182, 195, 200, 201, 205 and 207 of 2015.
Height precision Time window σN,50[σN,100] (m) σE,50[σE,100] (m)
emp form emp form
σh12 = 1 m
1 1.97[1.70] 1.97[1.68] 1.80[1.62] 1.75[1.54]
2 4.79[3.99] 5.15[4.28] 3.78[3.13] 4.04[3.35]
3 1.03[0.81] 0.89[0.76] 1.22[1.13] 1.08[0.99]
σh12 = 5 m
1 5.26[4.97] 5.41[4.99] 5.42[5.32] 5.58[5.30]
2 10.65[9.40] 11.30[9.50] 8.33[7.35] 8.83[7.43]
3 3.58[3.23] 3.55[3.23] 4.56[4.41] 4.62[4.36]
σh12 = 10 m
1 9.36[8.90] 9.31[8.84] 10.17[9.96] 10.17[9.89]
2 15.07[12.43] 15.98[13.41] 11.79[9.71] 12.48[10.47]
3 7.19[6.60] 7.02[6.41] 9.11[8.72] 9.10[8.62]
Note: emp: empirical; form: formal; time window 1: outcomes based on all the obser-
vations; time window 2: outcomes based on the observations made during the local
time period 04:19:30-07:02:30 on DOY 182 and its counterparts on other days; time
window 3: outcomes based on time window 1 with the exclusion of time window 2.
explains the increment of the empirical standard deviations
after increasing the smoothing window length from wl = 50
to wl = 100.
As the IRNSS constellation repeats itself every sidereal
day, the stations multipath can also be expected to repeat ev-
ery sidereal day. Hence, one can expect to eliminate the ef-
fect of multipaths by differencing the observations between
days associated with the same satellite geometry. Listed in
Table 4 are the day-differenced counterparts of Table 3. Ta-
ble 4 does indeed show not only that this differencing re-
sults in a better consistency between empirical and formal
precisions, but also that the previously noticed accumula-
tion effect for longer window lengths is now absent in the
empirical standard deviations. The results of Table 4, di-
vided by
√
2, are therefore representative for a multipath-
free RPP positioning performance. In summary, the results
show that a single-epoch, carrier-phase-smoothed pseudor-
ange RPP positioning standard deviation in North and East
of about 5 m can be achieved with the current IRNSS con-
stellation.
6 Fully operational IRNSS performance
In this section we extend the previous analysis to the near-
future case where the IRNSS has reached its full operational
capability. The following investigations are based on the IRNSS
geometry on DOY 166 of 2015. The orbits of the satellites
I5, I6, and I7 are simulated. For simulation, the orbital pa-
rameters are determined such that they have respective nom-
inated longitudes (ISRO, 2014a) and have similar ground
tracks to the respective types of existing satellites.
6.1 PDOP analysis
We start with a full-constellation PDOP analysis of the same
three Australian locations as considered in the previous sec-
tions, Christmas Island, Perth and Darwin. The satellite visi-
bility and 24-h PDOP time series are shown in Figure 12(a),
(c) and (e), while the corresponding satellite ground tracks
are shown in Figure 12(b), (d) and (f). Note that the three
PDOP time series each behave almost similarly in the peri-
ods UTC 00:00-12:00 and UTC 12:00-00:00. This is due to
the fact that the IRNSS satellite configuration in the period
UTC 00:00-12:00 is similar to that in UTC 12:00-00:00, al-
beit in the second period the positions of I1 and I2, and of I4
and I6, have interchanged.
The figure also shows that with a fully operational IRNSS,
all seven satellites are visible from Christmas Island, but five
and sometimes six from Perth, and only four to five from
Darwin. Users in Perth would not be able to track the GEO
I5 and most of the time also not the north-westerly IGSO (ei-
ther I1 or I2), while users in Darwin additionally would lose
most of the time track of the south-westerly IGSO also. With
a reduction in number of satellites tracked, the PDOP value
generally increases and the positioning precision decreases.
With a lower cut-off elevation angle than 10◦ the situation
would improve, but not by much. For Perth, for instance, a
5◦ cut-off elevation would not increase the maximum num-
ber of visible satellites, but it would lengthen the period that
five satellites are visible somewhat.
In the Perth PDOP time series, there are two peaks vis-
ible, one at UTC 07:27 and another at 19:21. Although these
peaks are not the same as shown in the earlier height-constrained
PDOP time series for Perth (see Figure 6), they can again be
explained by the occurrence of an approximate ’cone-like’
receiver-satellite geometry. This is shown in the skyplots of
Figure 13. In these two skyplots the symmetry axes of the
two cones are also shown, i.e. the direction d (cf. 4 and
5) along which the position is the poorest estimable (blue
dot). Since these directions are near zenith in both cases, it
is particularly the Up-component that is poorly estimable.
The coloured contour plots in Figure 13 are the loci of unit
vectors that make a constant angle with the cone’s symme-
try axis, i.e. with direction d. For the first epoch UTC 07:27,
the receiver-satellite direction vectors are located on the con-
tours with values of 58◦, 59◦, 64◦ and 65◦, respectively, and
for the second epoch UTC 19:21, they are on the contours
with values of 47◦, 48◦, 51◦ and 52◦, respectively. As the
variability in angles of the first set is larger than that of the
second set, the deviation of the receiver-satellite geometry
from a conical geometry is larger at UTC 07:27 than at UTC
19:20. This is why the value of the PDOP is smaller at UTC
07:27 than at UTC 19:21.
If we compare the PDOP time series of Darwin with that
of Perth, we note next to the generally much larger PDOP
13
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Fig. 12 Full constellation PDOPs and satellite ground tracks for Christmas Island, Perth and Darwin. (a) PDOPs and number of satellites that
can be tracked at Christmas Island, (c) at Perth and (e) at Darwin, on DOY 166 of 2015, using 10◦ cut-off elevation angle. (b), (d) and (f)
Corresponding satellite ground tracks on DOY 166 of 2015 for 10◦ cut-off elevation angle. The GEO ground tracks are shown in green, the I1 and
I2 IGSOs (figures-of-eight) ground tracks are shown in blue, and the I4 and I6 IGSO ground tracks are shown in red.The satellite positions at UTC
06:40 are indicated by dots. The location of the users are indicated by the star symbol.
values in Darwin, that there are four periods when the Dar-
win PDOP values reach extreme values. During these four
periods the receiver-satellite geometry is such that not only
are a mere four satellites, namely I3, I4, I6 and I7, visi-
14
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Fig. 13 (a) Fully operational IRNSS skyplot for Perth on DOY 166 of 2015 at UTC 07:27:00 (b) and UTC 19:21:00. The blue dot in each figure
denotes the symmetry axis d of the cone, i.e. the direction in which the receiver position is poorest estimable. The colored contour plots show the
loci of unit vectors that make a constant angle with d.
ble, but that two of them, namely I4 and I6, also have al-
most the same skyplot location. Hence, since all these four
receiver-satellite direction vectors will then approximately
span a plane, the columns of the receiver-satellite geometry
matrix Gr of (1) will become near linearly dependent, thus
leading to very large PDOP values.
6.2 Positioning precision
We now determine the positioning precision that one can ex-
pect to have once the full IRNSS constellation is operational.
The expected single-epoch SPP precision over a whole day
is shown in Figure 14 for Christmas Island, Perth and Dar-
win. The precision clearly deteriorates when moving east-
wards, i.e. the precision is best at Christmas Island and poor-
est in Darwin. Each graph in Figure 14 shows three time se-
ries, one based on pseudoranges only (’non-smoothed’) and
another two based on carrier-phase smoothed pseudoranges
(’smoothed’), with window lengths of wl=50 and wl=100,
respectively (cf. 11). The average values of the time series
are given on top of the graphs.
The carrier-phase smoothing clearly has a very benefi-
cial effect on the positioning precision, particularly for Christ-
mas Island and Perth. We see not only a significant improve-
ment in precision of approximately one order of magnitude,
but also, in the case of Christmas Island and Perth, a flatten-
ing of the time series, thus making the positioning precision
almost independent of the time of day. The two peaks in the
time series of the Christmas Island North standard deviation
are due to a reduced extent in north-southerly direction of
the satellite locations at those instances.
As Figure 14(e) and (f) show, the positioning precision at
Darwin is problematic, even when carrier-phase smoothing
is used. Although the carrier-phase smoothing does help to
lower the standard deviations and make the durations of the
peaks briefer, the carrier-phase smoothing does not elimi-
nate the large peaks. Hence, in Darwin there will remain four
periods during the day when SPP positioning better than a
few meters will not be possible, even with the full IRNSS
constellation operational.
The four periods that the standard deviations at Darwin
will be smaller than 2 m are given in local time for DOY 166
as [09:58:00 , 12:11:30], [14:21:00 , 19:44:00], [22:00:30 ,
00:17:00], [02:19:00 , 07:38:00] for window length wl = 50
and as [09:58:00 , 12:40:30], [14:06:30 , 19:59:30], [21:30:30
, 00:43:00], [02:05:00 , 07:53:30] for window length wl =
100. These periods can be transferred to other days as well
knowing that the IRNSS geometry repeats every day four
minutes earlier. For example, if one is interested in finding
the counterparts of these periods on DOY 25 of 2016, the
day differences between this day and DOY 166 of 2015,
which is 224 days, should be multiplied by four minutes,
and then subtracted from these periods.
The above results refer to the unconstrained case. We
now consider the height-constrained case. With a weighted
height constraint of σhr = 1 m, the results of Figure 14 im-
prove to those of Figure 15. These results show that position-
ing at Christmas Island and Perth marginally benefits from
the constraint, but that Darwin, on the other hand, bene-
15
(a) (c) (e)



















 = 2.17 m; σ
N,50
 = 0.32 m; σ
N,100




Smoothed (wl = 50)
Smoothed (wl = 100)



















 = 4.66 m; σ
N,50
 = 0.69 m; σ
N,100




Smoothed (wl = 50)
Smoothed (wl = 100)






















 = 144.29 m; σ
N,50
 = 20.47 m; σ
N,100




Smoothed (wl = 50)
Smoothed (wl = 100)
(b) (d) (f)






















 = 1.49 m; σ
E,50
 = 0.22 m; σ
E,100




Smoothed (wl = 50)
Smoothed (wl = 100)




















 = 3.09 m; σ
E,50
 = 0.46 m; σ
E,100




Smoothed (wl = 50)
Smoothed (wl = 100)






















 = 281.56 m; σ
E,50
 = 39.94 m; σ
E,100




Smoothed (wl = 50)
Smoothed (wl = 100)
Fig. 14 Full constellation, single-epoch, horizontal SPP precision for (a) & (b) Christmas Island (c) & (d), Perth and (e) & (f) Darwin. ’Non-
smoothed’ is the single epoch, pseudorange-only SPP precision; ’smoothed (wl=50)’ is the carrier-phase-smoothed pseudorange SPP precision
with window length of 50 epochs; ’smoothed (wl=100)’ is the carrier-phase-smoothed pseudorange SPP precision with window length of 100
epochs. Note the differences in σ -scale between the three locations. The average values of the time series are given on top of the graphs.
fits significantly. With the carrier-phase smoothing included,
the positioning precision at Darwin even approaches that of
Chrismas Island and Perth.
One may argue of course, that for some applications a
height constraint of σhr = 1 m is overly restrictive. We there-
fore also show the results for Darwin when the much softer
constraint of σhr = 5 m is used; see Figure 16. These results
show that positioning at Darwin can still benefit consider-
ably even with such a much softer constraint. With carrier-
phase smoothing the precision is about at the 2 m level,
which is a dramatic improvement over the Darwin results
of Figure 14.
7 Summary
As IRNSS will soon become fully operational, it is impor-
tant to gain an understanding of its navigational potential
and actual positioning capabilities. We therefore studied in
this contribution the IRNSS stand-alone positioning perfor-
mance for Australian stations located in the IRNSS’s ser-
vice area. This is the first such study performed. After a
brief introduction to the IRNSS system, we described the
positioning model that formed the basis for our analysis.
We determined the zenith-referenced range error to be 1 m
for SPP and 0.2 m for RPP. In the first part of our analy-
sis we focussed on the currently achievable positioning per-
formance. We identified and explained the occurrence of
some poor receiver-satellite geometries and demonstrated
with real IRNSS L5 data that instantaneous positioning bet-
ter than 10 m for SPP and better than 7 m for RPP is cur-
rently feasible at the west-coast (e.g., Perth). These results
are expected to improve significantly when IRNSS reaches
its full operational capability. The instantaneous SPP pre-
cision for Perth was shown to improve then to 4 m on av-
erage and even down to 0.5 m if carrier-phase smoothing
is included. These results get even better, due to the im-
pact of IRNSSs receiver-satellite geometry, the more west-
ward one moves, i.e. for marine navigation and position-
ing on the Indian Ocean. When moving eastwards, however,
the results get poorer. At Darwin, for instance, the receiver-
satellite geometry is such that every day four periods exist
during which the positioning precision is poor, even when
carrier-phase smoothing is used. Outside these four periods,
however, the positioning precision is good and comparable
with that of Perth. And as demonstrated, reduction of the
impact of the four periods at Darwin is possible through
the inclusion of soft height constraining (σh = 5 m) com-
bined with carrier-phase smoothing. In this case positioning
at Darwin will be around 2 m or better for the whole day and
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Fig. 15 Full constellation, height-constrained (σhr = 1 m), horizontal SPP precision for (a) & (b) Christmas Island, (c) & (d) Perth and (e) & (f)
Darwin. ’Non-smoothed’ is the single epoch, pseudorange-only SPP precision; ’smoothed (wl=50)’ is the carrier-phase-smoothed pseudorange
SPP precision with window length of 50 epochs; ’smoothed (wl=100)’ is the carrier-phase-smoothed pseudorange SPP precision with window
length of 100 epochs. Note the differences in σ -scale between the three locations. The average values of the time series are given on top of the
graphs.
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